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Nonlinear Stress-Strain and Strength Response
of Axisymmetric Bimodulus Composite Material Shells

David W. Schmueser*
General Motors Research Laboratories, Warren, Michigan

Bimodulus materials are those which exhibit different material response when stressed in compression rather
than tension. Strength predictions of laminated composites can be affected by bimodulus material response and
nonlinear stress-strain behavior in individual laminae. Most applications of phenomenological failure models to
laminated composites assume that lamina yield and ultimate lamina strength are the same. In addition,
bimodulus material response is frequently neglected when applying failure models to predict laminate strength.

- This paper presents an investigation of the effects which two bimodulus material models have on strength
predictions for graphite-epoxy composites. Nonlinear response of composite laminae are modeled in an ap-
proximate manner by employing piecewise linear and spline representations for transverse compression and
shear stress-strain curves. The Tsai-Wu and Sandhu failure criteria are applied to_predict failure of thin,
laminated shells. The strength predictions are based on numerical solutions to Sanders’ axisymmetric nonlinear
shell equations. Numerical predictions for the strength and stress-strain response of internally pressurized rings

are compared to experimental data cited from the literature.

I. Introduction

TRUCTURAL applications for laminates consisting of

multiple layers of fiber-reinforced materials are currently
increasing. Consequently, there exists a demand for precise
mathematical modeling of composite material behavior.
Certain fiber-reinforced materials exhibit different elastic
behavior depending upon whether they are stressed in tension
or compression. This behavior is commonly referred to as
bimodulus behavior. The purpose of this paper is to present a
strength analysis for thin, axisymmetric shells laminated of
fibrous composites having nonlinear stress-strain and
bimodulus material response.

Several mathematical models for bimodulus materials have
been proposed.! The present study applies the - analytical
models developed by Ambartsumyan and Khachatryan?
and Bert? to analyze the strength response of laminated shells.
Most of the previous investigations of bimodulus structures
have been directed at the static behavior of composite
plates.*” Recently, free vibration analyses of cross-ply
laminated plates® and cylindrical shells® were considered.

Although the stress-strain behavior of bimodulus materials
is nonlinear, it is usually modeled as being bilinear with
different elastic moduli depending on the signs of the strains
normal and transverse to the fiber direction. In this study,
stress-strain responses for transverse compression and shear
are modeled as being nonlinear, while all other stress-strain
responses for an orthotropic composite are approximated as
being linear. Two analytical strength criteria are used with
these constitutive models to predict composite strengths. The
strength criteria and material models have been incorporated
into a finite difference computer program which can ap-
proximate the behavior of symmetrically loaded, axisym-
metric composite shells.

II. Bimodulus Material Models
and Failure Criteria

In order to present the effects that bimodulus materials
have on the response of thin composite shells, a discussion of
flat laminated plates will be considered first. Plate stiffnesses
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can be defined as

h/2

(ApBypD) = (122)(Q) @dz  (j=126) ()

where £ is the total plate thickness and z is measured from the
plate midplane. The terms Q;(z) are plane stress elastic
stiffness defined as

{Ui}=[Qij”€j}

The definitions of in-plane, bending-extension, and bend-
ing or twisting coupling from Eq. (1) are used to form the
constitutive equations for an arbitrary laminated plate. The
constitutive equations can be written in partitioned form as

Gid- 1o )E)

(i,j=1,2,6) @

(4,j=1,2,6) 3)

For laminates made of ordinary (non-bimodulus) materials,
the elements of Q; are piecewise-constant functions of z.
Laminate layers consist of unidirectional, fiber-reinforced
material which is modeled as orthotropic with respect to its
material symmetry axes: the fiber direction and two directions
normal to it. When a single-layer plate or a plate sym-
metrically laminated about its midplane consists of ordinary
materials, there is no coupling between stretching and bending
(all B; terms vanish). Furthermore, when individual layers of
a laminate are oriented parallel to the global plate axes, all
Ay, B, and D;; shear-normal coupling stiffnesses vanish.

However, a plate consisting of either a single bimodulus
material layer or symmetrically laminated bimodulus material
layers exhibits bending-stretching coupling. When a
bimodulus plate is placed in bending, the differences in elastic
moduli between tension and compression cause a shift in the
neutral axis away from the compressive side of the bend if the
compressive modulus is less than the tensile modulus. This
bending-stretching coupling is analogous to an un-
symmetrically laminated plate of ordinary orthotropic
material. Consequently, for bimodulus materials, bending-
stretching coupling can result from either bimodulus material
response or laminate layup configuration. A listing of plate or
shell stiffnesses that vanish for various laminate stacking
sequences is presented in Table 1. '
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The presént study considers the effects that two bimodulus
material models have on computed strengths of graphite-
epoxy rings subjected to internal pressure. Because this type

of loading does not produce significant bending response,

elements of the stiffness matrices that are valid for ordinary
materials are also valid for the bimodulus graphite-epoxy
rings.

The first bimodulus material model employed for this study
was proposed by Ambartsumyan and Khachatryan.? The
compliances, S, for this model are presented below with
respect to the material symmetry directions of an orthotropic
material in a state of plane principal stress.

When ¢; >0 and o, >0,

S, =1/E}, Sy =1/E}
(42)
Spp=~vi/E}, 521 =—v5/E}
When o; <0 and g, <0,
S, =1/Ej, Sy =1/E5
(4b)
Spp=—vi/Ej, Sy = —v§ /ES
When ¢, >0 and o, <0,
S =1/E}, Sp=1/ES
(40)
S =—v,/E}, Sa'=—v5,/ES :
When ¢, <0 and ¢, >0,
S, =1/Ej, S,,=1/E}
(3d)

Sy = —Vvia/Ej, Sa = —vh/E}

where ¢ and ¢ denote tensile and compressive material
properties, respectively.
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The reciprocal relations that must be satisfied to guarantee
symmetry of the compliance matrix are as follow}s:
Vig/Ey=vs /s, vy E5=05,/E5, vy, /Ey=15/E5 (5)
From Eq. (5) it follows that the off-diagonal compliance
elements are not affected by the sign of the principal stresses.

The second bimodulus model used for composite strength
prediction was recently proposed by Bert.> Compliances for
the Bert model are dependent on the sign of the stresses in the
tiber direction, o/, and are as follows:

When ¢, =0,
Sy =1/E), Sy =1/E)
(62)
S;p=—vi/EY, Sy = —vh /E} :
When ¢,<0,
Sy =1/Ej, S =1/Ej}
(6b)

Spp=—v/EY, Sp1 = —v5/ES
The reciprocal relations for the Bert model are the same as the |
first two relations listed in Eq. (5). Thus, Bert assumes that
the compliance elements for tension and compression ar
independent. ‘

The Tsai-Wu!® and Sandhu!! failure criteria have been used
to compute laminate strengths. Two different formulations
for the Tsai-Wu stress criterion have been employed. One
formulation is based on the assumptiion of linear-elastic
laminate response. Under this assumptiion, yield and ultimate
stress in a lamina are analogous. However, an ultimate or
failure state in one principal material coordinate direction
does not necessarily lead to total lamina or laminate failure.
Therefore, a second formulation employing the concept of
stepwise reduction in laminae load-carrying capacity was
developed. This concept was implemented by using bilinear

Table1 Comparison of laminate stiffnesses for ordinary and bimodulus composite materials

Vanishing laminate stiffness

Laminate Example Ordinary Bimodulus
type laminate material material
Aligned single 0° or 90°/90° A, Azs, Dyg, Dg, A, Az, Dyg, Dog
or multiple-ply . AllBy ) ‘Big, Byg
Symmetrically balanced 30°/—30°/—30°/30° Ajg, Az All By None
angle ply
0°/ £6°%; 0°/+45°/—45°/~45°/ +45°/0° A g, Az, AL By; None
Table2 Geometric parameters and bimodulus elastic material-property data
for T300/5208 graphite-epoxy rings"‘
. Ring geometric parameters
Ply thickness, mm (in.) ' 0.132 (0.0052)
Ring thickness, mm (in.) 1.056 (0.0416)
Middle-surface radius, mm (in.) 50.8 - (2.0)
Length, mm (in.) 254 (1.0
Tension properties
Fiber-direction Young’s modulus, E;, GPa (psi) 147.5  (21.4 x10%)
Transverse Young’s modulus, E,, GPa (psi) 9.3 (1.35%x10%
Major Poisson’s ratio, »;,, dimensionless® 0.25

In-plane shear modulus, G;,, GPa (psi)

5.72  (0.83x10%)

Compression properties

Fiber-direction Young’s modulus, E;, GPa (psi) 147.5

Transverse Young’s modulus, E,, GPa (psi)
* Major Poisson’s ratio, »;,, dimensionless?

In-plane shear modulus, G;,, GPa (psi)

(21.5 x10%
143 (2.07x10%
0.52

572 (0.83%x10%)

4The minor Poisson’s ratio is assumed to be given by the reciprocal relation.
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approximations for nonlinear stress-strain curves corres-
ponding to transverse compression and shear.

The Sandhu failure criterion differs from the Tsai-Wu
criterion in the following respects: 1) ply failure is based on a
strain energy formulation; 2) nonlinear stress-strain curves
for transverse compression and shear are approximated by
cubic spline functions; and 3) an equivalent, incremental-
strain formulation is employed. Strain energies corresponding
to laminae deformation parallel to the fiber direction, normal
to the fiber direction, and in shear are assumed to be in-
dependent.

For this study, laminate failure predictions are based on

either a first-ply-to-failure approach or a multiple-ply-to-
failure approach. Multiple-ply predictions are based on the
assumption that laminate failure occurs when fiber failure is
predicted in at least two plies or when failure of two plies with
different lamination orientations is predicted.” After a
laminate experiences. first-ply failure, the degraded ply is
assumed to unload under constant stress conditions. This
assumption is appropriate since the ring specimens considered
for this study were tested under load-controlled coriditions.

III. Computed Strengths
for Internally Pressurized ngs

Axisymmetric Shell Analysis

The bimodulus material models and failure criteria have
been incorporated into a shell analysis based on Sanders’
axisymmetric, nonlinear elastic shell theory.'”> These
equations, combined with constitutive equations that account
for general orthotropy of a laminated shell, can be expressed
as six partial differential equations of first order iri space and
second order in time. These equations have the following
matrix form:

Ix’+(G+G)x=f+MJE @)

where x is a solution vector of six variables, I a 6 X 6 identity
matrix, & and G linear and nonlinear coefficient matrices of
x, respectively, M a 6 X6 mass matrix, and f a six-element
load vector. Primes indicate spatial derivatives. The elements
of G, G, M, and f are listed in the Appendix.
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A set of general boundary conditions for Eq. (7) at a shell
edge can be written as :

Q+Az—1=0 : ®)

where y and z-are force and displacement subvectors of x, Q
and A 3X%3 matrices, and I a 3x 1 vector. The force and
displacement subvectors are defined in the Appendix.

Equation (7) is converted into difference equations by
utilizing central differences for the spatial derivatives and
Houbolt backward differences for the time derivatives. The
resulting system of nonlinear algebraic equations is solved by
using an incremental Newton-Raphson algorithm. '3

Comparisons of Computed Laminate Strengths
to Available Experimental Data

In order to evaluate the effects which the bimodulus
material models have on the accuracy of strength predictions
for laminated composites, a set of experimental data was
sought for comparison purposes. Data was found to be
avajlable from experiments conducted by Rowlands* on
internally pressurized rings. The rings were constructed using
a prepreg of Thornel (T-300) fibers in a 5208 resin matrix. The
geometric parameters for the rings are listed in Table 2. The
main advantage of ring specimens is that they are completely
free of end constraints which can effect laminate strengths
obtained from coupon specimens. Each ring specimen was
instrumented with two three-element rosettes located
diametrically opposite on the outside surface. The rings were
loaded in pure hoop stress only by a hydrostatic testing
device.

Rowlands also conducted experiments to characterize the
basic material properties of the T-300/5208 material. Lamina
properties evaluated include the  tensile and compressive
stress-strain response parallel and transverse to the fibers, and
the in-plane shear stress-shear - strain response. The
longitudinal (0 deg) tensile response was obtained from
13228 mm coupon specimens loaded through glass-epoxy
tabs. The transverse (90 deg) tensile response was determined
from 26x228 mm coupon specimens. The compression
response of the graphite-epoxy. material in the longitudinal
and transverse directions were determined using 25-mm-wide -

Table3 Nondimensional failure stresses for (03/ +45°), graphite-epoxy rings using the Tsai-Wu stress criterion®

Bimodulus material Laminate failure Stress criterion Stress criterion Experimental Laminate
model ) model (linear model) (bilinear model) . load failure modes®
Ambartsumyan Initial ply 1.871 2.296 2.150 Transverse tensile
failure of 0° plies
Multiple ply 2.128 2.322 2.150 Shear failure of
+45° plies
Bert Initial ply 1.505 1.971 2.150 Transverse tensile
failure of 0° plies
Multiply ply 2.064 2.193 2.150 Shear failure of

+45° plies

@Nondimensional stresses computed from Nj, = oy, ” /EtIhz . bNumerically predicted failure modes identical to experimentally observed failure modes.

Table4 Nondimensional failure stresses for (05/ + 45°); graphite-epoxy rings using the Sandhu strain energy criterion®

Bimodulus material Laminate failure Strain energy Experimental Laminate
model model criterion load failure modes®
Ambartsumyan Initial ply 2.150 Transverse tensile-
failure of 0° plies
Multiple ply 2.150 Shear failure of
+45° plies
Bert Initial ply 2.150 Transverse tensile
. failure of 0° plies
Multiple ply 2.150 Shear failure of
‘ +45° plies

2Nondimensional failure stresses c'omputed from N, jzohrz/Et ,hz . bNumerically predicted failure modes identical to experimentally

observed failure modes.
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Fig. 1 Stress-strain response of (05/+45°), ring using bilinear
constitutive model.
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Fig. 2 Stress-strain response of (03/+45°), ring using tangent
modulus constitutive model.

sandwich beam specimens. The in-plane shear stress-strain
lamina response was determined from (+45°) tensile coupons
loaded through glass-epoxy tabs.'> The elastic bimodulus
material properties for the T300/5208 material are listed in
Table 2. : :

Numerical predictions for failure stresses of the ring -

specimens have been completed for laminates with a
(05/ +£45°), layup configuration with respect to the ring axis.
Comparisons between experimental and numerically
predicted failure stress for the Tsai-Wu and Sandhu failure
criteria are presented in Tables 3 and 4, respectively. Two
numerical values for each bimodulus material mode] are
listed. The first value corresponds to a first-ply failure
strength prediction while the second value corresponds to a
multiple-ply failure prediction. Comparisons between -ex-
perimentally measured laminate hoop stresses and strains and
numerically predicted midplane stresses and strains for the
(05/ £45°), laminate are shown in Figs. 1 and 2. The strength
results show that laminate failure stresses based on a multiple-
ply failure approach generally overestimate the experimental
failure loads. Therefore, all comparisons between strength
predictions for the two bimodulus models are based oninitial-
ply failure. The failure mode sequence predicted by each
criterion matches the experimentally observed failure
sequence. '
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The stress and strain energy failure criteria predictions
based on the Bert bimodulus model are shown in Tables 3 and
4 to be more conservative than the predictions based on the
Ambartsumyan model. The numerical results also show the
stress criterion to be more sensitive to the different bimodulus
material formulations than the strain energy criterion. The
stress criterion predictions varied by 17% between the two
models, while the strain energy predictions varied by only 4%.

The sensitivities of the failure criteria to different
bimodulus material models are also illustrated by the
numerically predicted laminate stress-strain curves. The
bilinear stress-strain approximation used with the stress
criterion is shown in Fig. 1 to be sensitive to the two
bimodulus material formulations. Stress-strain values
predicted with the Bert model provide a closer approximation
to the experimental data than those predicted with the Am-
bartsumyan model. The tangential stress-strain model used
with the strain energy criterion is shown in Fig. 2 to be less
sensitive to the two bimodulus material formulaitons.

IV. Summary and Conclusions

Fiber-reinforced composite materials are receiving in-
creasing attention for structural applications because of their
potential for weight savings. An important characteristic of
many composite materials is that they exhibit different
stiffnesses under compressive loading than under tensile
loading. . This material behavior is frequently referred to as
bimodulus behavior. Isotropic bimodulus materials exhibit
the characteristics of ordinary orthotropic materials.
However, bimodulus orthotropic materials exhibit the
response of ordinary anisotropic materials.

In the presént paper, two mathematical models in the form
of stress-strain relations are reviewed for bimodulus
materials. The first model, as proposed by Ambartsumyan,
employs compliance matrix elements which are dependent on
the signs of principal stresses for a plane stress state. The
second model, as proposed by Bert, employs independent
compliance matrices which are dependent on the sign of
stresses in- the fiber direction. Effects which these two
material models have on computed strengths of graphite-
epoxy rings subjected to internal pressure have been deter-
mined for the Tsai-Wu and Sandhu failure criteria. Results of
this study show that 1) laminate strength predictions based on
the Bert model are more conservative than the predictions
based on the Ambartsumyan model when compared to
available experimental data; and 2) stress-strain curves
predicted with the Bert model provide a closer approximation
to experimental data than curves predicted with the Am-
bartsumyan model.

It should be noted that the strength predictions presented in
this paper are based on a shell analysis which neglects the
effects of transverse shear deformations. The thickness shear
moduli of fiber-reinforced composites are generally an order
of magnitude lower than their in-plane moduli. The shear
modulus-elastic modulus ratio for isotropic materials is
typically 40%. Thus, thin composite-material shells would be
affected by thickness-shear flexibility to a greater degree than

* isotropic shells having the same geometrical dimensions.

Future evaluations of orthotropic bimodulus material models
using thin shell analysis should include the effects of trans-
verse shear deformations.

Appendix: Definition of Matrix Elements

The axisymmetric shell equations in Eq. (7) are written with
respect to the reference surface of a general shell of revolution
shown in Fig. Al. The shell reference surface is defined by the
coordinates ¢ and r. An arbitrary point within the shell may

- be defined by specifying the orthogonal coordinates, s, 6, and

¢, where s is the meridional coordinate, ¢ the circumferential
coordinate, and { the normal coordinate originating at the
shell reference surface. The principle radii of curvature are
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Fig. A2 Positive directions for displacements, rotations, membrane
forces, moments and loads.

given by :
1/r;=¢' (Al)

1/r,=sing/r (A2)
where the prime denotes differentiation with respect to s.

The vector x of unknowns contained in Eq. (7) at a point is
divided into two subvectors y; and z;

Ny U
Yi=3 @ 5 mi=s 0w (a3)
my; 8

where n;; and m,, are stress and bending moment results,
respectively, g the shear resultant, ¥ and w displacements,
and § the meridional rotation. Positive directions for the shell
unknowns and loads are shown in Fig. A2,
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The nonzero elements of the 6 x 6 G matrix are
g1 = (cos¢/r) (1=Np,), g,=¢'
813 == (cOS$/r) M), g14= — (c050/r) (Epp +4;2)
g15= — (cosdsing/r?) (B, +A5), g16=(cos?6/r?) (Ky +Bsy)
821 =—¢  + (sing/r)N;y, g5, =cosp/r
83 =— (sing/r)My,, g, - (cospsing/r?) (E;; +Aj,)
825=— (sin2¢>/r2v) (E;p+Ap), 8s5=(cosgsing/r) (K, +By,)
831 = — (COSP/r) N3, gs;=—1
833 = (cosd/r) (1-M;), g5,=— (cosz¢/r2) (E; +By)
835 = — (cospsing/r?) (E; + By,), g36= (cos?¢/r?) (K;+Dy,)
&= “Du/Q hy=0
845 =B1/6, g4=(cOs$/r)Ny,
8us =87+ Ny (sing/1), g4 =— (cOsp/r) N
851 =852=853=855=0, gsy=— ¢’
gs=—1, gs=— (B /G)
802=0, gs=Ay,/G
86¢ =~ (COSO/r) M3, 845 = — (sind/r)M, |
gss = (coso/r)M; , (Ad)

The constant terms in Eqgs. (A4) are:
G=A4,D, —B§1

Np;=(1/G) (A, D~ B Byy)
—A;;Bp;) ;

E;;=(1/G)(2A ;B B, — A},D;; — A BY)

M;,=(1/G)(A;; By,

K, =(1/G)(A;;D;B;,—A ;D B}, + B, B}, —AnDpBy,)
N;=(1/G)(D;;B;;~D;By;)

M;=(1/G)(A;; Dy, ~BBy;)

E; =f(21
K;=(1/G) (2D ;B B;; —Dy; B}, — A, D%;) (AS)

The A,j, By, and D, constants arise from the orthotroplc

constitutive relations

ny Ay Ap By, Bp e

Ny, _ Ap An B By €

my; - B, B, D; Dp Kn

my; B, By D, Dy K2
(A6)

In Eq. (A6) n; and m; are the force and moment resultants
defined in Fig. A2, and e; and k; are tensor strains and
curvatures. The nonzero elements of the 6 x 6 G matrix are
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e
826 =1y

845=B/2 (A7)

£=9'8
821 =(cosp/r)B+8’
The nonzero elements of the six-element f vector are
Ji1=-ps

The nonzero elements of the 6 X 6 M matrix are

fo=-p (A8)

M14=M25=1 (A9)
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